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Abstract. A hyperelliptic broken Lefschetz fibration is a generalization of a hyperelliptic Lefschetz 
fibration. We construct and compute a local signature of hyperelliptic directed broken Lefschetz 
fibrations by generalizing Endo's local signature of hyperelliptic Lefschetz fibrations. It is described 
by his local signature and a rational-valued homomorphism on the subgroup of the hyperelliptic 
mapping class group which preserves a simple closed curve setwise. 

1. Introduction 

A broken Lefschetz fibration is a smooth map introduced in [3] from a four-manifold to a surface 
which has at most two types of singularities, called Lefschetz singularity and indefinite fold singularity. 
It can be considered as a generalization of a Lefschetz fibration, and combining the results of Williams 
[18] and Lekili [12] . it is proved that every closed oriented four- manifold admits a directed (more 
strictly, simplified) broken Lefschetz fibration. 

In [TO], we defined a hyperelliptic directed broken Lefschetz fibration as a generalization of a 
hyperelliptic Lefschetz fibration. We showed that, when the genus of any component of any fiber is 
greater than or equal to two, after blowing up several times, the total space is a double branched 
covering of a manifold obtained by blowing up a sphere bundle over the sphere. We also proved that 
the second rational homology class represented by a general fiber is nontrivial. As a corollary, (JnCP 2 
does not admit this fibration structure. 

The purpose of this paper is to investigate the homeomorphism types of hyperelliptic directed bro- 
ken Lefschetz fibrations generalizing Endo's local signature in [7] of hyperelliptic Lefschetz fibrations. 
See, for example, Q] and [2] for the history of local signatures. 

We call a simple closed curve in S g is type I or type II/j if it is non-separating or separating which 
bounds subsurfaces of genus h and g — h, respectively. We also call a Lefschetz singular fiber is type I 
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Figure 1 . type I and type ll h 

or type II?,, if the vanishing cycle is type I or type II?,,, respectively. Assign rational numbers to these 
types of singular fibers as 

n m g + 1 „ m > 4 Mff - h) 
ffloc(I) = -27TI' aioc{Uh) = ~ 1 2g~TT~ L 
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Endo showed that the signature of the total space of a hyperelliptic Lefschetz fib-ration is equal to the 
sum of these numbers of the Lefschetz singular fibers in the fibration (see Section 12.41 for details) . 

To explain our main theorem, we need some notation. Let S g be a closed oriented surface of genus 
<?, and Ai g denote its mapping class group. For a simple closed curve c in S 9 , we denote by M g {c) 
the subgroup of M g which consists of mapping classes represented by diffeomorphism preserving the 
curve c setwise. We also denote by M g (c ml ) the subgroup of M. g (c) which consists of mapping classes 
preserving the curve c setwise and its orientation. Let i g denote the involution of E g as in Figure [TJ 
We denote by Ti. g the hyperelliptic mapping class group, that is, the subgroup of M. g which consists 




Figure 2. involution u g 

of mapping classes represented by diffeomorphisms T satisfying Ti a — L g T. For a simple closed curve 
c such that L g (c) — c, we also denote by U g (c) and W g (c° ri ) the subgroups 'H g {c) — % g PI M g (c) and 
T-L g (c om ) = H g fl Ai g (c om ), respectively. In Lemma |4~51 we will define rational- valued homomorphisms 
hg tC on 'H g (c) when c is non-separating, and on % 9 (c orl ) when c is separating. 

Let f : M — > S 2 be a directed broken Lefschetz fibration. We denote by Zi the image of each 
component of the indefinite fold singularities under /. Decompose the 2-sphere into annuli Ai each 
of which is a neighborhood of Zi C S 2 for i = 1, 2, • • ■ , m, and disks D[ and as in Figure [3] We 
may choose Dh so that the image {yi, ■ ■ • , y n } C S 2 of all the Lefschetz singularities is in Int D^. We 
denote by d\Ai the boundary component of A.- L such that d\ Ai = Ai P\ Ai + i for i = 1, • ■ • , m — 1 and 
d\A m = A m n Di. We also denote by doAi the other boundary component of Ai. 




A m A x 



Figure 3. annuli A l and disks D\ and D h in S 2 

For each i = 1, • ■ • , m, there is a unique component Mi of f~ 1 (Ai) where an indefinite fold singu- 
larity exists. Let gi denote the genus of a fiber in the mapping torus doAi n Mj. Identifying the fiber 
with , we consider the vanishing cycle di of the indefinite fold singularity is in E 9i . We assume / 
to be hyperelliptic, whose definition we will give in Section [2~3l By the definition of the hyperelliptic 
directed broken Lefschetz fibration and Lemma 14.11 by Baykur, the monodromy ipi of the mapping 
torus is in W gi (di). Then, our main theorem is as follows: 
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Theorem 1.1. Let f : M —> S 2 be a hyperelliptic directed broken Lefschetz fibration as above. Then, 
we have 

m n 

i=i 3=1 

We will prove Theorem 11.11 in Section 14.41 As we will see in Section 14.21 it is easy to calculate the 
explicit values of h gi ^ i since it is a homomorphism. 

In Section [3J we will compute the abelianization and find a generating set of the groups T-L g (c) and 
Hg(c° T1 ). Let ci, C2, • • • , C2 g +i be simple closed curves in Figure [H and t c denote the Dehn twist along 
a simple closed curve c C £ s . 




Figure 4. simple closed curves Ci, • ■ • , C2 g +i 



Proposition 1.2. Let g > 1. 

(i) Let c be a non- separating simple closed curve of type I in Figured The group TL g (c) is 
generated by {t Cl ,--- , t C2g _ 1 , t C2g+1 , i g }. 

(ii) Let 1 < h < g — 1, and c a separating simple closed curve of type II/j in Figure{J] The group 
Hg(c ) is generated by {t Cl ,t C2 , i^czh-i^cnh+n^cih+zi i^g+ii- 

In Section [4j we will construct rational- valued homomorphisms h g . c on H g (c) when c is non- 
separating, and on 'H g (c° 1 ' 1 ) when c is separating. We will also compute their values on the generating 
sets in Proposition 11.21 



Proposition 1.3. (i) Let g > 1, andc a non-separating simple closed curve of type I in Figure[]i 

The values of the homomorphism h g , c ■ Hg(c) — ► Q are 

h g , c {ig)=Q, h g<c (t Ci ) = — — = — : - fori = l---,2g-l, and h g<c {t c 2+1 ) - 



-1 " ' J W3+I/ 2<? + l 

(ii) Let g > 1, < h < g, and c a separating simple closed curve of type llh in Figure [7J When 
1 < h < g — 1, the values of the homomorphism h g . c : TL g (c ml ) — > Q are 

hnc(tc ) = 7r— — — — — for i = 1, • • • , 2h, 

g,c\cj 2g + l 2h + l 3 ' ' ' 

fc (i ) = _£±i 9 ~ h ± 1 for i = 2/i + 2,- •• ,2a. 

When h — 0, g, the homomorphism h g ^ c is the zero map. 



In Section O we will give examples of calculations of the signatures of simplified broken Lefschetz 
fibrations, and determine their homeomorphism types. 
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2. Preliminary 

2.1. Broken Lefschetz fibrations. 

Definition 2.1. Let M and £ be compact oriented smooth manifolds of dimension 4 and 2, respec- 
tively. A smooth map / : M — > E is called a broken Lefschetz fibration (BLF, for short) if it satisfies 
the following conditions: 

(i) f- l (dH)=dM 

(ii) / has at most the two types of singularities which is locally written as follows: 

• (zi, z-i) h-> £ = Z1Z2, where (zi,Z2) (resp. £) is a complex local coordinate of M (resp. 
S) compatible with its orientation; 

• (i, £1,22,2:3) H> (2/1,2/2) = (t,a;? + x| - as§), where (i, xi, 22, £3) (resp. (2/1,2/2)) is a real 
coordinate of M (resp. £). 

The first singularity in the condition (ii) of Definition 12.11 is called a Lefschetz singularity and the 
second one is called an indefinite fold singularity. We denote by C/ the set of Lefschetz singularities 
of / and by Zf the set of indefinite fold singularities of /. We remark that a Lefschetz fibration is a 
BLF which has no indefinite fold singularities. 

Let / : M — > S 2 be a BLF over the 2-sphere. Suppose that the restriction of / to the set of 
singularities is injective and that the image f(Zf) is the disjoint union of embedded circles parallel to 
the equator of S 2 . We put f{Zf) = Z\ II • • • B Z m , where Zi is the embedded circle in S 2 . We choose 
a path a : [0, 1] — > S 2 satisfying the following properties: 

(i) Imct is contained in the complement of /(C/); 

(ii) a starts at the north pole pn € S 2 , and ends at the south pole pi £ S 2 ; 

(iii) a intersects each component of f(Zf) at one point transversely. 

We put {<7i} = Zi n Ima and a(U) = qi. We assume that q\, ... , q m appear in this order when we go 
along a from p^ to pi (see Figure [5]). The preimage / _1 (Ima) is a 3-manifold which is a cobordism 




Figure 5. The example of the path a. The bold circles describe f(Zf). 

between f~ 1 (ph) and f~ 1 (pi)- By the local coordinate description of the indefinite fold singularity, 
it is easy to see that f^ 1 (a([0,ti + e])) is obtained from f~ 1 (a([0,ti — e])) by either 1 or 2-handle 
attachment for each i = 1, . . . , m. In particular, we obtain a handle decomposition of the cobordism 
/-^Ima). 
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Definition 2.2. A BLF / : M — > S 2 is said to be directed if it satisfies the following conditions: 

(i) the restriction of / to the set of singularities is injective and the image f(Zf) is the disjoint 
union of embedded circles parallel to the equator of S ; 

(ii) all the handles in the above handle decomposition of / _1 (Ima) is index-2; 

(iii) all Lefschetz singularities of / are in the preimage of the component of S 2 \ (Z\ II ■ ■ • II Z m ) 
which contains the point ph- 

We put {r{\ = doAi n Imct for i = 1,- • • , m and {r m+1 } = d\A m n Ima. Using the path a, we 
can identify f~ 1 (a(t i — e)) with / (rj). We call the attaching circle in of the 2-handle in 

Definition 12.21 the vanishing cycle of Zi. A BLF is called simplified if it is directed, m = 1, and the 
vanishing cycle of Z\ is non-separating. 

2.2. Monodromy representations and vanishing cycles of Lefschetz singularities. Let M — > 

E be an oriented surface bundle over a 2-manifold E. For a base point yo G X, we denote by 
g : 7Ti(S, yo) M g the monodromy representation. Let / : M — > D 2 be a Lefschetz fibration over a 
disk, and let C/ = {zi, • • • , z n } denote the set of Lefschetz singularities of /. 

For each i = 1, • • ■ , n, put yi = /(z,), and take an embedded path on : [0, 1] — > D 2 satisfying 

• each cti connects yo to yi, 

• a t n f(C f ) = {yi}, 

• Q!i [~l «j = {yo} for all i 7^ j, 

• a\, ■ ■ ■ , a n appear in this order when we travel counterclockwise around yo- 

For each i = 1, • • • ,n, we denote by en 6 iri(D 2 \ /(C/),yo) the element represented by the loop 
obtained by connecting a counterclockwise circle around yi to yo by using a,. The sequence W/ = 
(g/(ai), • • • , Qf{a n )) £ (M g ) n is called a Hurwitz system of /. By the conditions on paths a\, ■ ■ ■ , a n , 
the product Qf{ai) ■ ■ ■ Qf(a n ) is equal to the monodromy along the boundary dD 2 . It is known that 
each Qfipbi) is the right-handed Dehn twist along a certain simple closed curve Cj, called the vanishing 
cycle of the Lefschetz singularity 2, (see [11] or [14]). 

2.3. The hyperelliptic mapping class group and hyperelliptic directed BLFs. Endow the 
relative topology with the centralizer C(i g ) of i g in the diffeomorphism group Diff + E g . The inclusion 
homomorphism C(t 9 ) — > Diff + T, g induces a natural homomorphism 7ToC(i s ) — > M g between their 
path-connected components. We denote this group iroC(i g ) by T-L a g . Birman and Hilden showed: 

Theorem 2.3 (Birman-Hilden [5j Corollary 7.1]). When g > 2, the homomorphism H s g — > M. g is 
injective . 

The image of the above homomorphism is called the hyperelliptic mapping class group, and denoted 
by T-L g . Actually, they showed the above result for more general settings, but we only use the case for 
the involution i g : S g — > Y* g . See [B], for more details. 

Let / : M — > S 2 be a directed BLF. For i = 1, -,m, let di C / _1 (^i) denote the vanishing cycle of 
Zi. Fix an identification f~ 1 (ph) with S ni H • • • LI S nfc for some integers ni, ■ ■ ■ ,rik- Then, we can 
define an involution of f~ 1 (ph) by b ni II • ■ • LI u nk . By using the path a, we can identify f~ l {ph) with 
J 1 (71) and f l {ri) \ {two points} with f~ 1 (r.i + i)\di. Hence, we also obtain an involution of f^ 1 (r.i) 
by the hyperelliptic involution of f~ 1 (ph) for i = 1, • • • , m. 

Definition 2.4. A directed BLF / : M — > S 2 is said to be hyperelliptic if it satisfies the following 
conditions for a suitable identification of f^ 1 (j>h) with S ni B • • • II S nfc : 
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• the image of the monodromy representation of the Lefschetz fibration res / : f^ 1 (Dh) — > D}% 
is contained in the group Tig, 

• di is preserved by the involution up to isotopy. 

In the following, we review some properties of the hyperelliptic mapping class group. Let X be 
a 2-disk or a 2-sphere. For a positive integer n and distinct points {pi}™ =1 in IntX, Denote by 
DiS + (X, dX, {pi,p2, • • ■ ,Pn}) the group defined by 

DiS+(X,dX,{pi,P2,--- ,Pn}) 

= {T e Diff+ X | T\ ax is the identity map, and T({p 1 ,p 2 , ■ ■ ■ ,p n }) = {pi,P2, ■ • ■ ,Pn}}- 

Denote by A4q or Mq 1 its mapping class group when X = S 2 or X = D 2 , respectively. Let 
Di be a disk in IntX which includes pi and Pi+i but is disjoint from all pj for j ^ i, i + 1, and 
denote by v(dDi) a neighborhood of the boundary dDi in Di. Choose a diffeomorphism Tj G 
Diff + (X, dX, {pi,p2, ■ ■ ■ ,p n }) such that Ti\u i interchanges the points pi and Pi+i, 7i|x-int£>i is 
the identity map, and T 2 is isotopic to the Dehn twist along dDi (see Birman-Hilden p. 87-88 for 
details). The mapping class group Mq and Mq^ is generated by {ci}^ 1 , where a is the mapping 
class represented by the diffeomorphism Tj. 

Identifying the quotient space S s / (i g ) with S 2 , let {p\,p2, ■ ■ ■ ,p 2 g+i,P2g+2} C S 2 be the branched 
set of the quotient map E g — > E 9 / By the definition, any diffeomorphism T in C(i g ) satisfies 
Ti g {x) = LgT(x) for igSj. Hence, there exists a unique diffeomorphism T G Diff + S 12 such that the 
diagram 



I 


9 




s 


p 






p 


s 2 - 


S 2 



commutes. Moreover, it satisfies T({pi,p 2 , • • • ,P2 9 +2}) = {p\ 1 P2 1 ■ • • ,^29+2} C S 2 . 
By the above diagram, we can define 

by P g ([T}) = [f]. 

Theorem 2.5 (Birman-Hilden [3 Theorem I]). Let g > 1. £/ie sequence 

I ► < tff ) ► «J .M 2 ^ 2 ► 1 

is exact. 

They showed the homomorphism V g : TL s g A4q 9+2 maps the Dehn twist t Ci to ai in [5J Theorem 
2]. Furthermore, they proved: 

Proposition 2.6. Let g > 1. The group T-L s g is generated by {t Cl , ■ ■ ■ ,t C2g+1 }. 

2.4. Meyer's signature cocycle and the local signature for hyperelliptic Lefschetz fibra- 
tions. It is known that, for a hyperellitic Lefschetz fibration / : M — > S over a closed oriented surface 
E, the signature Sign M is described as the sum of invariants of the singular fiber germs in M. We 
review this invariant. 

Let <p, -0 be elements in the mapping class group M g . We denote by E v ^ a E g -bundle over a pair 
of pants S 2 — H| =1 IntD 2 whose monodromies along a and (3 in Figure |5] are ip and ip, respectively. 
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Figure 6. paths a and j3 

Theorem 2.7 (Meyer [15] ^ . Define a 2-cochain r g : A4 g x M g — > Z of the mapping class group by 
Tg(<p,ip) = — Signi?^ > wj. Then, T g is a 2-cocycle, and the order of its homology class is as follows. 

(i) The order of [n] £ i/ 2 (Xi;Z) is 5, 

(ii) TTie order of [r 2 ] e H 2 (M 2 ;%) is 5, 
(hi) Wien 5 > 3, [ Tg ] ^ £ H 2 (M g ;Q). 

Proposition 2.8 (Endo [7]). // we restrict r g to T-L g , the order of [r g ] £ H 2 (H g \ Z) is 2g + 1. 

Since r 9 represents a trivial homology class in iJ 2 (TL g ; Q) , there exists a cobounding function 
S : H g — > Q of it. Furthermore, since Hi(T-L g ; Q) is trivial, this cobounding function 4> g is unique. 

Lemma 2.9 (Endo [Jj Proof of Theorem 4.4]). Let f : M — >• E &e a T, g -bundle over a compact 
oriented surface E. Assume that the image of the monodromy representation 7ri(E, yo) — > M-g is in 
T~L g if we choose a suitable identification f~ 1 (yo) = E g . Let denote the boundary components 

o/E, and give orientations coming from E. Then, we have 

n 

SignM=-£>(^), 

where ipj £ is i/ie monodromy along dj . 

Using this function, he generalized the local signature of Lefschetz hbrations of genus 1 [32] and 
of genus 2 [14] constructed by Matsumoto. Let / : M — »• E be a hyperelliptic Lefschetz hbration of 
genus g over a closed oriented surface E, and t/i, • • • , t/ n the image of the set of Lefschetz singularities 
under /. For the Lefschetz singular fiber f~ 1 (yj), define a rational number o~\ oc {f~ 1 {yj)) by 

ffloc(/ -1 (j/j)) = -4>g(^Pj) + SignCf^Vt/j)), 

where ifj £ T-L g is the monodromy along dv(yj). He computed the values for Lefschetz singular fibers 
as in Introduction, and showed: 

Theorem 2.10 (Endo [7J Theorem 4.4]). Let f : M — > E be a hyperelliptic Lefschetz fibration as 
above. Then, we have 

n 

Sign A/ = J2' T ^c(r 1 (y 3 )). 

i=l 

3. A SUBGROUP H g (c) OF THE HYPERELLIPTIC MAPPING CLASS GROUP WHICH PRESERVES A 

CURVE C 

In this section, we investigate the abelianization and a generating set of the hyperelliptic mapping 
class group T-L g {c) which fix the curve c. In the last paragraphs of Section |3~T1 and Section [3~2l we will 
prove Proposition [T2] 



8 



KENTA HAYANO AND MASATOSHI SATO 



Consider the case when c is nonseparating. If we take a diffeornorphism T £ Diff-}. £ g which fixes 
the curve c setwise, it induces the diffeornorphism Y, g \ c — > £ s \ c. This diffeornorphism can be 
extended to the diffeornorphism of T of by regarding £ g \ c as the surface of genus g — 1 with 

two punctures. Hence, we can define a homomorphism <£>„ : M g (c) — > M. g -i by <£>„([T]) = [T]. Next, 
consider the case when c is a separating curve in £ g bounding subsurfaces of genus h and g — h. 
Identifying £ g \ c with disjoint sum of two punctured surfaces of genus h and g — h,we can also define 
a homomorphism $ s : M g {c m ) — > Mh x M g -h- 

3.1. When c is non-separating. First, consider the case when c is type I. For symplicity, we choose 
c as in Figure [TJ Let 7 £ £ g / (t g ) be the projection of the curve c by p : £ g — > £ g / (i g ). Identifying 
S g / (i g ) with S 2 , define a group M 2 , 9 ^) by 

^o 9 (7) = {[r]£^ 9+2 |T( 7 ) = 7 }. 

For a diffeornorphism T £ C{b g ), we have a diffeornorphism T £ Diff + (S' 2 ,pi,p2, ■ • ■ ,P2g+i,P2g+2) 
defined by pT — Tp as in Section 12.31 Moreover, if T £ C(i g ) preserves c setwise, T also pre- 
serves the path 7 setwise. Hence, the image V g {T-L g {c)) is contained in A4q 6 '( 7 ). Conversely, if T £ 
Diff + (5' 2 ,pi,p2j • • • ,P2g+i,P2g+2) preserves the path 7 setwise, there is a diffeornorphism T £ C(i g ) 
such that T(c) = c and pT = Tp. Thus, we have P g (H g (c)) — Ml 9 (~f). Consider the exact sequence 
obtained by restricting the homomorphism V g : T-L g — > Mq 9+2 in Theorem 12.51 to T-L s {c). 

Lemma 3.1. For g > 1, the exact sequence 

1 ► Z/2Z > H g (c) — A^o 9 ( 7 ) ^ 1 

splits. In particular, we have T-L g (c) = Z/2Z x j Mq S (7). 

Proof. Define a map A : H g (c) -> Z/2Z by X{ip) = if ^*[c] = [c] £ ffi(E g ;Z), and A(^) = 1 if 
V*[c] = — [c] £ -Hi(£ g ;Z). Then, A is a homomorphism, and satisfies A([t g ]) = 1 £ Z/2Z. Thus, it 
induces a splitting of the exact sequence. □ 

Let s : dD 2 — > dD 2 denote the half- rotation of the circle. Let M^ 9 hali denote the group which 
consists of the path-connected components of {T £ Diff + (£) 2 ,pi,p 2 , • • • iP2g) \ T\g D 2 — s or id dD 2}. 

Lemma 3.2. Let g > 1. 

^0 9 (7) = K 9 ha!f 

Proof. Let X 29 ( 7 ori ) be a sub group of tVJq 9 ( 7 ) consists of mapping classes which preserve the orien- 
tation of the path 7. First, we prove the isomorphism 

^o 9 (7° ri )=^ofi- 

Let Diff + (5' 2 , {pi, ■ ■ ■ ,^29+2}, [7]) be the group consists of orientation-preserving diffeomorphisms 
T : S 2 — > S 2 such that T({pi,--- ,p2 g +2}) — {Pi,-- - ,^2^+2} and there exists a closed neighbor- 
hood f( 7 ) of 7 where T\ v ^ is the identity map. Let T be a representative of a mapping class 
in _M 29 (7 011 ). Using the isotopy extension theorem, we can change T into a diffeornorphism in 
Diff + (5' 2 , {pi, ■ ■ ■ ,p 2 g+2j, [7]) by some isotopy. Moreover, we can also prove that 

X 29 (7° ri ) = to Diff+(5 2 , { Pl , ■ ■ ■ , P2g+2 }, [7]), 
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using the isotopy extension theorem. Similarly, let Diff+(5 2 — Int_D 2 ,pi, • ■ • ,p2g, [dD 2 ]) be a group 
consists of orientation-preserving diffeomorphisms T : S 2 — Int D 2 — >• S 2 — Int D 2 such that there 
exists a closed neighborhood v(dD 2 ) where T|„(a,D 2 ) is the identity map. We can also show that 

M\\ ^ir a DiS+(S 2 -IntD 2 , Pl ,--- , P2g ,[dD 2 }). 

Separate the circle dD 2 into two arcs a : [0, 1] — > dD 2 and (3 : [0, 1] — > dD 2 such that a(0) = (3(0) 
and a(l) = /3(1). If we identify a(t) and (3(t) in S 2 — Int£> 2 , the quotient space is diffeomorphic to 
S 2 . Choose an identification L of the (2g + 3)-tuples 

(S 2 - hit D 2 / (a(t) ~ 0(t)),pi,--- ,p 2g ,a(0),a(l)) = (S 2 ,pi,--- ,p 2g ,P2g+i,P2g+2)- 

Since a diffeomorphism T G Diff + (S' 2 — IntD 2 ) satisfying T\ v ^qd^ = id^go 2 ) induces a diffeomor- 
phism T of S 2 - Int D 2 /(a(t) ~ /?(*)), we have the isomorphism -M 2 ,^ = A^ 2ff (7° ri ) defined by 
[T] ^ [LTL- 1 ]. 

Next, we prove M 2 , 9 ^) = ■M a haii . Choose a diffeomorphism r e Diff + (S' 2 — IntD 2 ) such that 
ra(t) = — t) and r({p\, ■ ■ ■ ,P2g}) — {pi, ■ • • ,P2g}- It induces a diffeomorphism f € Diff + 5 12 such 
that f({pi, • • • ,p 2 g}) = {pi, • • • ,P2g}, r(p 2g+ i) = P2 9 +2, and f{p 2g +2) = P2g+i- Consider the group 
consisting of diffeomorphisms T of S 2 such that T({p 1; ■ • ■ ,^2^+2}) = {Pi, ' ' 1 ,P2g+2}, and is 
equal to rU 7 ) or id^) for some closed neighborhood 1/(7) instead of Diff + (,S 2 , ■ • ■ ,^29+2}, [7]). 
In the same way, consider the group consisting of diffeomorphisms T of S 2 — Int D 2 such that 
T({pi,--- ,P2g}) = {pi, ■■■ ,P2g}, and T|„(a£)2) is equal to r\ u{aD 2) or id u{aD 2) instead of Diff + (S' 2 - 
Int D 2 ,pi, ■ ■ ■ ,P2g, [dD 2 ]). Then, we have the isomorphism between their path-connected components, 
similarly. Thus, we have M 2a (-i) = A^Q 9 half . □ 

We can define a homomorphism A^Q 9 half — > (s) by mapping [T] to T|a£> 2 ! where (s) is the cyclic 
group of order 2 generated by s. Then, the kernel is the subgroup M. \- 

Lemma 3.3. For g > 1, i/ie exarf sequence 

1 ► 7Wgf x ► M 2 % ali ► Z/2Z > 1 

splits. 

Proof. We may assume p\ , • • • , p2 g are arranged in the disk as in Figure [7] Consider an involution 
\x £ Diff + (£' 2 ,pi, • • • ,p2g) which rotates the disk 180 degrees and interchanges the points pi and p g +i 
for « = !,-•• , g. Define a homomorphism j : Z/2Z — > A^Q 5 half by = p. This induces the splitting 




Figure 7. pi, ■ ■ ■ ,p 2g in D 2 



of the above exact sequence. 



□ 
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Lemma 3.4. Let g > 1, and c a non- separating simple closed curve such that i g (c) = c. Then, we 
have 

fli(WJ(c);Z) = Zffi(Z/2Z) 2 . 

Proof. By Lemma 13.11 and Lemma 13.31 we have 

Hi (H s g (c) ; Z) = Z/2Z © H x (Mff (7); Z) , and H x {M 2 9 haXi ; Z) = H x {M\\ ; Z) © Z/2Z. 

We showed Mq 9 (j) = A^Q 5 half in Lemma I3~^l and it is known that Hi(M 2 l 9 1 ;Z) = Z (see, for example, 
8, Section 9.1.3 and 9.2]). Hence, we have H x {H s g {c);Z) ^ Z © (Z/2Z) 2 . □ 

Define a group H g (c) by H g (c) = {[T] € %| | T(c) = c}. If we restrict the homomorphism — > "Hg 
in Theorem 12.31 to H s g (c), we have a homomorphism W g (c) —> H g (c). Note that it is not obvious that 
this homomorphism is surjective, in other words, mapping classes in / H g (c) can be represented by 
elements in C(t g ) which fix the curve c setwise. In |1Q[ Lemma 3.1], we showed: 

Lemma 3.5. Let g > 1, and c an essential simple closed curve in S„. The homomorphism 

U s g (c)^U g {c) 

is surjective. 

By Theorem 12.31 this is also injective when g > 2. 

Consider the case when g = 1. As is well-known, the group Hi coincides with M%. Hence, Hi(c) 
also coincides with M\{c). If c = c 3 in Figure HI the group M\(c) is described as 

M 1 ( c )=|^ n ^eSL(2;Z) ee{±l},nezj. 

By mapping [T] G ^1(0) to e e Z/2Z, we have a split exact sequence 

1 > Z ► Mi{c) > Z/2Z >■ 1. 

Thus, we have i?i(Hi(c); Z) = Z © Z/2Z. Combining Lemma [3.41 Lemma [3.51 and the case when 
g = 1 as above, we have: 

Lemma 3.6. Let c be a non- separating simple closed curve such that i g (c) — c. Then, we have 

Zffi(Z/2Z) 2 wheng>2, 
Z©Z/2Z wheng = \. 



H!(n g (c);Z) 



Proof of Provosition \l.S\ (i). Let a G ■Mr/half denote the half twist along dD 2 . By the exact sequence 
in Lemma [3.31 the group A^Q 9 half is generated by {cti,-- - ,<72 g -i,cr}. By [5l Theorem 2], we have 
V g (t Ci ) = Gi for i = 1, • • • ,2g and T J g (t C2g+1 ) = a. By the exact sequence in Lemma [3.1 1 the group 
r Hg{c) is generated by t Ci for i = 1, 2, • • • , 2<? — 1, 2<? + 1 and t a . □ 

3.2. When c is separating. Next, consider the case when c is type II/,,. For symplicity, we choose 
c as in Figure [TJ 

As we will see in Section 14.11 when the vanishing cycle of Zi in the hyperelliptic directed BLF is 
separating, the image of the monodromy representation along d$Ai is contained in W g (c OT1 ). Hence, 
we only consider the group Hg(c OIi ) in this section instead of H g (c). Of course, if g ^ 2h, we have 
T-L g {c) = T-L g {c m ) since any diffeomorphism of E 9 which preserves c setwise acts trivially on 7To(S g — c). 
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First, consider the case when h = 0,g. For any diffeomorphism T of S s , we can change T so that 
it preserves c setwise by some isotopy. Thus, we have ~H g (c m ) = W g . 

In the following, we only consider the case 1 < h < g — 1. Choose a disk D in £ g — U»=i c * so 
that L g (D) = D, where Cj is the simple closed curve in Figure [4] Denote by the subsurface 
T, g — Int D, and by the restriction of i g to X g ,i. The mapping class group M. g ^\ of S g l is defined 
by M g ,i — ttq Diff + (E £ , jl , <9£ gl ), where Diff + (£ gjl , (9£ gil ) is the diffeomorphism group of £ g ,i with 
C°° topology which fixes the boundary pointwise. 

We identify the subsurfaces of £ g bounded by c with Ej^i and Sg-^.i so that i 9 |s h i = th,i and 
'■sis,-*.! = For e Diff + (E/ l; i, and T 2 G DiE+(E g -h,i, <9£ g _h : i), the diffeomorphism 

Ti U T2 G Diff+ E g preserves the curve c. Hence, we can define a map 

* : M h<1 x W rW -> X g (c OTi ) 

by [T 2 ]) = [Ti U T 2 ]. This is a well-defined homomorphism. 

Define a subgroup of .M ff: i by "H g ,\ — {[T] G M. g ,i \ i g ,\Ti~ x = T}. Apparently, the image 
*(%fc,i x W g -h,\) is contained in the subgroup W. g (c oli ) C M g (c mi ). 

Lemma 3.7. Let g > 2. When 1 < h < g — 1, the sequence 

1 ► Z ► H hl i x W 9 _ M — H 3 (c OTi ) > 1 

is exact. 

Proof. By [8j Theorem 3.18], we have 

1 ► Z ► X Mg- h ,l Mg{c 0li ) > 1. 

The kernel of \l/ is generated by (tgs t , tg^), and it is contained in Hh,i x T~Lg-h,i- Thus, we only need 
to prove ¥(W M x U g - h ,i) = W g (c ori ). 

Let ip be a mapping class in T-L g {c). By Lemma 13.51 we can choose a representative T G Diff + £ g 
of ip satisfying Ti g — i g T and T(c) = c. Using some isotopy, we may assume T\ c is the identity 
map. Then, T\s h 1 and T|s _ h t represent mapping classes in Hh,i and H g -h.i, respectively. Since 
^CPKJ, [T| E ,_ M ]) = [T], we obtain *(?Z M x ft s _ M ) = H g (c OTi ). □ 

Let C(L g ,i) be the group defined by C(t gA ) = {T G Diff + (£ g4 , 9£ ffil ) | ^lTt^ = T}. We have 
the homomorphism V gA : n (C(i gA )) -> -M 2 ,^ 1 defined by [T] i-> [f] in the same way as V g : Hj! — >• 
A^q 9+2 in Section l2.3l Since any isotopy of Diff + (£> 2 , S.D 2 , {pi, ■• • ,p2 g +i}) can be lifted to an isotopy 
of C(t g .i), Ker(7-g,i) is represented by the deck transformation L 3t i or ids 1 - Since C(t gj i) does not 
contain l Bj \, the kernel of the homomorphism V g ^\ is trivial. Furthermore, V g .\ : 7ToC(t 9l i) — > M. 2 , 9 ^ 1 
is an isomorphism since M.qi is generated by {<x i } 2 ^ 1 and V gj \(t Ci ) = 0i for i = 1, • • • , 2g. 

Lemma 3.8. For g > \, the natural homomorphism 7ToC(t g ,i) — > 7~L g ,\ is an isomorphism. 

Proof. By the definition of "Hgi, the natural homomorphism 7To(C(i S) i)) —¥ "H g ,i is surjective. Hence, 
it suffices to show the injectivity. 

Embed £ 9l x in £ g +i so that t g +i|s g t = t s ,i. For a diffeomorphism T of £ g ,i, we can extend T 
to a diffeomorphism T of £ g +i by the identity map on £ g +i \ E ff] i. Thus, we have homomorphisms 
7To(C(t 5l i)) — J> 7To(C(t s +i)) and H g ,i — >■ T-L g +i defined by [T] t-> [T]. By gluing a disk with three 
marked points to D 2 , we can also define a homomorphism M^ 9 ^ 1 — > A4q 9+4: in the same way. By in 
[5J Theorem 3.18], the latter homomorphism is injective. 
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If we consider (£ 9 +i \ Int (i g +i) as a disk with three marked points, we have a commutative 

diagram 

M 2g+1 4 V I± __ > ^ 

M 2g +i nQ C(0 g+1 ) > H g+ 1. 

The left side shows that 7ToC((. Sj i) — > 7r C(t g+1 ) is injective. By Theorem 12.31 the right side shows 
that 7r C(t ffi i) — > H g ,i is also injective. □ 

Lemma 3.9. Let g > 2 and 1 < h < g — 1. Let c be a separating simple closed curve which bounds 
subsurfaces of genus h and g — h and satisfies L g (c) = c. Then, we have 

H 1 {H g (c mi );Z) = , Z®Z/dZ, 

where d = gcd(4/i(2fc, + l),4(g - h)(2g - 2h+l)). 

Proof. Since Hh.i — -A / fg' l 1 +1 , we have Hi(H} l ^;'L) — By the chain relation (see, for example, in 
[SI Proposition 4.12]), the mapping class (t Cl ■ ■ ■ t C2h ) ih+2 E Hh,i coincides with the Dehn twist tgs h 1 
along the boundary. In the same way, we have (t Cl ■ ■ ■ t C2(g h) ) 4 (9 _/l )+ 2 = tg^ g _ h 1 e rl g -h,i- 

The kernel of the homomorphism Wh.i x W g -h,i —> TL g (c°") is the cyclic group generated by 
(^.i^as^J- Hence, we have 

Hi("H g (c ori );Z) (ZeZ)/((4/i(2ft + l),-40-/i)(25-2/i+l))) ^Z©Z/dZ. 

□ 

Proof of Proposition ] l. e 2\ (ii). As explained in the paragraph before Lemma 13.81 W g ,i is generated by 
tci,"- ,tc 2g - Thus^ ~Hg{c) is generated by t Cl ,t C2 ,- ■ -t C2h , t C2h+2 , t C2h+3 , ■ ■ ■ ,i C2g+2 by Lemma [3/D □ 

4. Localization of the signature of directed BLFs 

In this section, we compute the signature of f^ 1 (A i ), and show that the signature of hyperelliptic 
directed BLF localizes. In Section [4~T1 and Scction l4~2l we calculate the signature of round cobordisms. 
In Section [4.31 we define a homomorphism h g c for a simple closed curve c, and prove Proposition [T31 
In Section [Ol we will prove Theorem 14.41 

4.1. Lemmas on round cobordisms. We use the notation in Introduction and Section l!01 Let 
/ : M — > S* 2 be a directed BLF. In [H Lemma 2.2], Baykur observed that M, in a directed BLF is 
obtained by gluing a round 2-handle to a surface bundle over an annulus. We review his observation 
and investigate the signature of f~ 1 {Ai). 

Lemma 4.1 (Baykur [4]). Let f : M —> S 2 be a directed BLF. Identifying /^(r,) n M, with the 
surface consider the vanishing cycle di of Zi is in Then, the monodromy ip o// _1 (r.i) H-Mj 
along d$Ai is in A4 gi (di). 

Moreover, when di is a separating curve, the monodromy ip is in AA gi (d°"). This is because, if 
ip changes the orientation of di, the monodromy along d\Ai permutes the component of / (7*4-1). 
Inductively, the monodromy along d\A m permutes the component of / _1 (7 m +i)- However, since 
f^ 1 (Di) is a trivial surface bundle over a disk, it must be trivial. 

In the paragraph after Lemma [3.51 we defined the homomorphisms : -M ffi (c) — > M. gi _i and 
<& s : M gi {c on ) — > Mh x M Bi -h- Baykur [J also observed that the monodromy of /~ 1 (r l ) nM ; along 
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d\Ai is $ n (<p) when di is non-separating and $ s (</?) when di is separating, for a suitable identification 
of / n Mi with 1 if ^ is type I and with U E Sj _ft if <i; is type 11^. 

For a mapping class ip G jVt 9 (c) represented by T G Diff + E s satisfying T(c) = c, define a mapping 
torus y v by V v = E g X [0, l]/((0,T(x)) - (M)). We can identify / _x (^)Ai) n Mj with V v for 
some </? G M. gi {di). Identifying D 2 with the unit disk in C, define an equivalence relation ^ on 
D 2 x [-1,1] x [0,1] by 

[y, s, 1) ~ (v, s, 0), if ip preserves the orientation of c, 
(v, s, 1) ~ (v, — s, 0), if (/? reverses the orientation of c, 

where v is the complex conjugate of v. The compact 4-manifold R defined by R = D 2 x [—1,1] x 
[0, 1]/ ^ v is called a round 2-handle. Choose an embedding j : 3D 2 x [—1, 1] x [0, 1]/ ~<p— > V v such 
that j(dD 2 , s,0)=cx {0} C V v and P2j(%, s, t) — t, where p2 is the projection to the second factor. 
Then, he observed: 

Lemma 4.2 (Baykur g]). 

for some embedding j as above 

We remark that the isotopy class of the attaching map j : dD 2 x [—1,1] x [0, 1]/ > V v x {0} is 
unique if the genus g is greater than or equal to 2. 

The signature of f~ 1 (Ai) is calculated as follows. Since the components of f~ x {Aj) except Mj are 
surface bundles over the annulus Ai, we have Sign/ _1 (Ai) = SignM^. By Lemma \A. 21 we have: 

Lemma 4.3. 

Sign/- 1 ^) = Sign(CK, x [0, 1]) U R). 

4.2. Wall's non-additivity formula. In [16], the second author defined a class function m : M. g .2 — > 
QP 1 . We review this function, and calculate the signature of the compact 4-manifold (Vm x [0, 1]) UR 
in Section I4TT1 

For a mapping class tp = [T] G M g> 2, let V' — £ 9 ,2 x [0, l]/(0, T(x)) ~ (l,£c) be its mapping 
torus. Choose points xi and X2 in each boundary component of S g ,2, and define a continuous map 
by Z,; : S 1 —> VL by ij(t) = (t, Xi) for i = 1,2. Let <9i and $2 be the two boundary components of S ffj 2. 
Denote by ei, e2, e3, and e4 the homology classes [Zi], [Z2], [9i x {0}], and [82 x {0}], respectively. Then, 
for some p,geQ, the set {ei + e 2 ,p(e3 — e 4 ) + gei} forms a basis of Ker(f/i(<9V^; Q) — > Hi(V';Q)). 
The element [p : g] G QP 1 is unique, and we can define a function m : .M g ,2 — ► QP 1 by m(<p) — [p : g]. 
Since it satisfies m^tg^g ) = m(ip), it induces the class function on _M g (c orl ). For simplicity, we 
also denote it by m : A^ g (c ori ) -> QP 1 . 

Define a map s : -M 9 (c) — >• Z by s(cp) — Sign((V r ¥ , x [0, 1]) U R). We can write the signature s(ip) 
with the function m : _A/f 9 (c on ) -4 QP 1 as follows: 

Lemma 4.4. Let ip G .M s (c). Then, we have 

{sign(m(<y9)), i/c is non-separating and <p> preserves the orientation of c, 
0, otherwise. 



M^{V v x [0,1]) Ui?, 
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Proof. We apply Wall's nonadditivity Formula to the pasting of the round 2-handle. First, we review 
his formula. Let X-, Xo, and X+ be compact 3- manifolds, and let Y- and Y+ be compact 4-manifolds 
such that 

dX- = dX+ = dX+ = Z, dY- = X- U X , dY+ = X+ U X . 

We denote by Y and X the compact 4- manifold Y = Y_ U Y + and the space X = X_ U X U X + , 
respectively. Suppose that Y is oriented inducing orientations of Y_ and Y + . Orient the other 
manifolds so that 

[y_] = [x ] -[x_], [y + ] = [x + ] - [x ] , a* [x_] = a, [x + ] = a. [x ] = \z\ . 

Let V, A, B, and C denote the vector spaces V = H X {Z\Q), A = Kcr(iii(Z; Q) ->■ Hi(X--,Q)), 
B = Ker(ffi(Z;Q) -> iTi(X ;Q)), and C = Ker(ffi(Z;Q) ->■ ffi(X+;Q)). On the vector space 

= Bfl(C + A)/((B n C) + (B fl A)), Wall defined a symmetric bilinear map ^ : W x W ^ Q 
as follows. Let / : E\{Z; Q) x Q) -> Q denote the intersection form, and b,b' e B H (C + A). 

Since !)'eBn(C + i), there exist c' e C and a' 6 A such that a' + b' + d = 0. Then, define a map 
W : W x TL" — > Q by ^'([6], [&']) = I(b,c'). He showed that this map is well-defined and symmetric. 
Denote by Sign(V ; B, C, A) the signature of this symmetric bilinear form. His signature formula is: 

Theorem 4.5 (Wall [17]). 

Sign Y = Sign Yl + Sign Y+ - Sign(V ; £?, C, A). 

Next, we apply his formula to our settings. We should let Y~_ and Y + denote the manifolds 

y_ = D 2 x [-1, 1] x [0, 1]/ - and Y + = V v x [0, 1], 

respectively. The rest of the manifolds are 

0K_ = (dD 2 x [-1, 1] x [0, 1]/ ~) U (D 2 x {-1, 1} x [0, 1]/ ~), 
dY+ = (V 9 x {1})H(^ x {0}), 
X a = dD 2 x [-1, 1] x [0, 1]/ ~, X_ = D 2 x {-1, 1} x [0, 1]/ ~, 
X+ = (V v x {1}) H {V v x {0} - Inti(Xo)), Z = 3D 2 x {-1, 1} x [0, 1]/ ~ . 

Consider the case when T|„( c ) = id. Choose a point x in dD 2 . Define continuous maps fi : S 1 — > 
dD 2 x { — 1,1} x S 1 by fi(t) — (x, (— l) 4 ,i) for i = 1,2. Then, the set consisting of the homology 
classes e\ — [3D 2 x { — 1}], e 2 = [dD 2 x {1}], e 3 = [/i], and e 4 = [/ 2 ] in Hi(Z;Q) forms a basis. 

When c is separating, we have A = C = Qei © Qe 2 . Hence, we obtain W = (B n (C + n 
C) + (Bn A)) = 0. When c is non-separating, Sign(l^ x [0, 1] U R) is calculated in [16j Lemma 3.4]. 

Consider the case when T|„( c ) = r. In this case, the curve c is non-separating. Define a continuous 
map / : S 1 -> 9L> 2 x {-1, 1} x [0, 1]/ - by 

{(x, -l,2f) when < f < -, 
1 2 
(x,l,2t-l) when - < t < 1. 

The set of homology classes consisting of e\ — [dD 2 x { — 1}] and e 2 = [/] in H 1 (Z; Q) forms a basis. 
In this case, A = B = Qei. Hence, we have W — 0. 

□ 
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4.3. The homomorphism h g>c - Let c be a simple closed curve in S s . Since the neighborhood v(c) 
of c is diffeomorphic to dD 2 x [—1, 1], we obtain a manifold L(c) = £ 9 x [0, 1] U„( c ) (D 2 x [—1, 1]) by 
gluing D 2 x [—1, 1] along v(c). This is diffeomorphic to a fiber of the projection (V v x [0, 1]) UR — > S 1 
to the last factor. We denote V v — (V v x [0, 1]) U R in the following. 

Let (p and ip be mapping classes in M g (c). For example, by gluing the I/(c)-bundles V v x [0, 1] and 
V,p x [0, 1] on an annulus, we obtain a L(c)-bundle over S 2 — Hf =1 fnt D 2 whose fiberwise boundary is 
E^.Tp II —Eq,^ ,$(i/>) arid the whole boundary is 

(Eyrf II Ug Ev ^n-dE Mv) ^ w (-V v II -V^ II -V( v ^)-i). 

Hence, we have 

SignE 1 ^ - SignS$ (v ) : $(^) - SignV^ - SignV^ - Sign V^-i = 0. 
If we rewrite it by Meyer's signature cocycle and the function s : M g (c) — > Z, we have 

-T g (ip,ip) + $*T g - 1 (<p^)-6s{ip,i>)=0€C 2 (M g (c);Z) if c is type I, 

-Tg(<p,i/>) + $*(r ft x T g - h )M) - Ss(cp,ip) = G C 2 {M g {c oli );Z) if c is type ll h . 

If we restrict the Meyer cocycles to H g , we have r g = 5(p g G C 2 (H g ;Q), and r g _i = 5<f) g -i G 
C 2 (H g -i;Q). Thus, we have proved: 

Lemma 4.6. When c is type 1, define a function h gtC : T-i g {c) — > Q by 

h g ,c(<f) = S((f) + <j) g ((fi) - <$>*(j) g -l((p). 

When c is type llh, define h QtC : H g (c on ) — > Q by 

h g , c (p) = s(ip) + <p g (ip) - $*((f> h x cf> g _ h )(ip). 
Then, both of these maps are homomorphisms. 

Proof of Provosition ["Ol First, consider the case when the vanishing cycle c is type I in Figure [TJ 
Since h g%c is a homomorphism, we have h g ^ c (i g ) = 0. The mapping classes t Ci for i = 1, 2, • • • , 2g — 1 
are mutually conjugate in T-L g (c). Therefore, we have h giC (t Cl ) = ■■■ = h g ^ c (t C2gl ). By the chain 
relation, we have (t Cl ■ ■ ■t C2g _ 1 ) 2g = t 2 2 . Thus, we obtain h g-c (t C2g+1 ) = g(2g — l)h g _ c (t Cl ). Hence, 
it suffices to show that h g ^ c (a2 g +i) = —g/(2g + 1). 

Iu 7, Lemma 3.3]. Endo showed that (j> g (t C2g+1 ) = (g + l)/(2g + 1). Since $(t C2((+1 ) = 1 G M g -i, 
we have 4> g -\(t C2g+1 ) — 0. By Lemma l4~4j we have 

s(tc 2g+1 ) = signm(t C2s+1 ) = sign([l : -1]) = -1. 

Thus, we obtain hg }C (t C2g+1 ) = —g/(2g+ 1). 

Next, consider the case when the vanishing cycle c is type II in Figure [TJ When 1 < h < g — 1, this 
follows from [7J Lemma 3.3] since s(t Ci ) — 0. When h = 0, g, h g c is the zero map since 7f 1 (?^ g (c); Q) = 

H 1 (u g ;Q) = o. □ 
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4.4. Proof of Theorem ll.il We prepare the hyperelliptic mapping class group of the non-connected 
surface / _1 (ri), where the monodromy of it along doAi lies. Identify f (ri) with some standard sur- 
face Si = S ni n)II- • •II£ TM (fc i ), where •• • ,rii(ki) are non- negative integers. We may assume that 
the action on / _1 (ri) induced by t g in Definition 12.41 coincides with t ni n) II • • • II t ni (hA, and the van- 
ishing cycle di lies in S n . (1 ) (n^l) = Define groups H St and H St (di) by H Si = Um{V) x ' • ' 
and Hsi(di) = W ni n)(di) x T-L ni (2) x ■ ■ 'H-ndkAi respectively. By Definition 12.41 the monodromy <p! 
along 9oAi is contained in 'Hs 1 (di)- Denote by $ the homomorphism $„ if <ii is non-separating, and 
$ s if di is separating. As stated in Section |4~T1 the monodromy 02 of / _1 (r2) along 9o^2 is the 
image of £>i G Hsi(rfi) under $ : HsAdi) —> "Hs 2 - By Lemma T4.1[ it is contained in Hs 2 (4)- Define 
a natural homomorphism $5 4 : Hsi(di) — > Hs i+1 by 3>s 4 (xi,a;2, • • • = (^K^i), ^2, • • • t^fcj, for 
i = 1, • • • , m, where $ denotes $„ if di is non-separating, and $5 if is separating. Inductively, the 
monodromy ifi along dgAi is contained in Hsi(di), and (pi+i = ^sA^Pi)- 
By the Novikov additivity, we have 

m 

Sign M = ^ Sign f^ 1 (A l ) + Sign/- 1 ^) + Sign/" 1 ^) 

m n n 

= ^Sign/- 1 (A l ) + Sign/- 1 (£> h - JJlnti/^-)) +X)Sign/- 1 (i/( % )). 

i=l j=l j=l 

Define the Meyer function <j> Si : Hs t -> Q by fo 4 (a* , • • ■ = E^i^ife) G C^SnQ). 

Let ipj £ denote the monodromy along the loop Oj around the image ?A £ Dh of each Lefschetz 
singularity for j = 1, • ■ • , n in Section [2.21 By Lemma 12.91 and Lemma 14.41 we have 

m / n \ n 

i=l \ J=l / i=l 

where ^ is the monodromy of / (1 Mj along <9oA;. Since f^ 1 (Di) is a trivial bundle, we have 

<£ TO+ i = 1 G Hs m+1 - Since QsAfii) = <A+i G Ws <+1 (dj+i), we have 

i=l 

Since the Meyer function has the property ff ((/3 _1 ) = —<p g (ip) (see [7]) for any ip £ T~L g , we obtain 

m n 

SignM = £ (s(^) + - l^ S(+1 (p,)) + + Sign/- 1 ^^))). 

By the definition of $s i , we have 

(/>Si ■ ■ ■ , Xki) - $S i+1 <As,+i {xi, ■ ■ ■ , %k i+1 ) 

< Pg%( x i) ~ ^n^gA x l)y ^ ^« i s nonseparating, 

6 9i (a;i) — &* s {4>h x < Pgi-h)(xi), if bounds subsurfaces of genus h and ^ — ft. 
Thus, we have 

m n 

SignM = £^ + £°loc(/- 1 (l&))- 

»=i i=i 
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5. Examples 

Let ci , . . . , c n C S ff be simple closed curves described in Figure HI 

Example 5.1. As shown in the proof of [9j Theorem 1.4], there exists a simplified BLF f gtTi : M s , n — > 
S 2 which has the following Hurwitz system: 

(t ■■ - t t 2 t ■ ■ - t ) 2n 

and the vanishing cycle of the indefinite fold is C2 g +i- 

By the definition of /<,,„, it is hyperelliptic. We denote by j/i,.. . , 2/8gn & S 2 the critical values of 
fg,n- By using the formula in Theorem ll.il the signature of M 9l „ can be calculated as follows: 

Sgn 

SignM 9 , n = <noc(f-,n(yi)) + H(t C2g ■ ■ ■ t C2 t Cl 2 t C2 ■ ■ ■ t C2g ) 2n ) 

i=l 

= 8gn • ~ 9 ~ 1 + h(t- 4n ) 
y 2g + l K c ^ +1 ' 

= -8g 2 n - 8gn -g 

2.9+1 2.o + 1 

= — Agn. 

It is easy to see that M 9i „ is simply connected and that the Euler characteristic of M 9i „ is 8gn — Ag+6. 
As shown in [9], M 9i „ is spin if and only if both of the integers g and n are even. Thus, by Freedman's 

theorem, M S) „ is homeomorphic to #— E(2)#(— 2g + 2)S 2 x S 2 if both g and n are even and 



#{2gn - 2.g + 2)CP^#(6gn - 2g + 2)CP 2 otherwise. 

Example 5.2. As shown in the proof of [9l Theorem 1.4], there exists a simplified BLF / ffi „ : M g> „ — > 
S 12 which has the following Hurwitz system: 

(t ...f i 2 t ...f \ 2n . (t \2(2g-l)n 

\ L C 2g L C 2 L c 1 ''C 2 b C 2 g/ VC1 L C2g- 2 J ) 

and a vanishing cycle of the indefinite fold is C2 9 +i . 

By the definition of it is hyperelliptic. We denote by yi,... ,ysg 2 n-4gn+4n £ S 2 the critical 
values of f g . n . By using the formula in Theorem 11.11 the signature of M g , n can be calculated as 
follows: 

8g 2 n— ign+in 

SignM s ,„ - J2 <M/^(Pi)) + ^((*c 2s • • -t C2 t c 2 t C2 ■ --t C2g ) 2n ■ (t Cl ■ ■ -t C29 _ 2 ) 2(29 - 1)n ) 
i=l 

= (8 5 2 n - 4 ff n + 4n) ■ + 2n • h(f£ +1 • tfl ) + 2(2 3 - l)n ■ h(t ci • • • t C2s _ 2 ) 

-8g 3 n + 4g 2 n - Agn - 8g 2 n + Agn - An -g -1 
4n ' o„ I -i + 2 ( 2 5 ~ l ) n { 2 9 - 2) ■ ,„ 2 _ -, 



2g + 1 2.0 + 1 w ' v " y 4<? 

,2 



n. 



It is easy to see that M g , n is simply connected, and that the Euler characteristic of M g>n is 
8g 2 n — Agn + An — Ag + 6. As shown in [9], M fl! „ is spin if and only if g is even. Thus, we can 
easily determine the homeomorphism type of M g „ as in Example 15. II 
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